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An oval in a finite projective plane of odd order q is a set of q + 1 points such that no
three of them are on a line. It is easy to see that each conic in a finite Desarguesian plane
is an oval. By Segre’s well known theorem1 there are no other ovals, that is each oval is a
conic.
Segre constructs a conic which shares some points and tangents with the given oval, and
then shows that actually each point of the oval lies on this conic.
The following proof uses ideas similar to Segre’s, while it differs in some details. Instead
of constructing a conic and showing that it coincides with the given oval, we parametrize
the oval by a polynomial of possibly high degree, and then show that the polynomial
actually has degree 2.
Suppose we have an oval in the projective (x : y : z)–plane over the finite field Fq. We
may assume that (0 : 1 : 0) is on the oval, and that z = 0 is the tangent line through
this point. Since each line x = cz (c ∈ Fq) contains (0 : 1 : 0) and is not the tangent, we
obtain the following: For each x ∈ Fq there is a unique y ∈ Fq such that (x : y : 1) is on
the oval. So by removing the tangent and passing to the affine (x, y)–plane, we see that
Segre’s Theorem follows from (actually is equivalent to):
Theorem* 1. Let K be a finite field of odd order, and f : K → K a map such that no
three points of the graph {(x, f(x))|x ∈ K} are collinear. Then f is given by a quadratic
polynomial.
Proof. Set q = |K|. Any map from Fq to Fq is given by a polynomial of degree at most
q − 1. Thus we identify f with such a polynomial f ∈ Fq[X ]. Fix u ∈ Fq, and set
Φ(X) = f(X)−f(u)
X−u
. Note that Φ(X) is a polynomial of degree < q − 1, and Φ(u) = f ′(u).
For 0 ≤ i < q − 1, the sum of the i–th powers of the elements from Fq vanishes, so
0 =
∑
x∈Fq
Φ(x) = f ′(u) +
∑
x∈Fq\{u}
f(x)− f(u)
x− u
.
1B. Segre: Ovals in a finite projective plane. Canad. J. Math. 7, (1955). 414–416.
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The q − 1 slopes f(x)−f(u)
x−u
, x ∈ Fq \ {u}, are pairwise distinct. Together with the equation
above, and the fact that the elements from Fq sum up to 0 (recall that q 6= 2), we see that
f ′(u) is not among these slopes, so
{
f(x)− f(u)
x− u
| x ∈ Fq \ {u}
}
= Fq \ {f
′(u)}.
Now fix v ∈ Fq different from u. Then
{
f(x)− f(u)
x− u
| x ∈ Fq \ {u, v}
}
= Fq \ {f
′(u),
f(v)− f(u)
v − u
}.
Upon replacing each element t in these sets by t(u− v) + f(v)− f(u) we obtain
{
F (x, u, v)
x− u
| x ∈ Fq \ {u, v}
}
= Fq \ {f
′(u)(u− v) + f(v)− f(u), 0}, (1)
where
F (x, u, v) = f(x)(u− v) + vf(u)− uf(v)− x(f(u)− f(v)).
Let P be the product of the nonzero elements from Fq (we don’t need to know that
P = −1). Taking the product of the elements in the sets of equation (1), and noting that∏
x∈Fq\{u,v}
(x− u) = P
v−u
, we obtain
∏
x∈Fq\{u,v}
F (x, u, v)
P/(v − u)
=
P
f ′(u)(u− v) + f(v)− f(u)
. (2)
Note that F (x, u, v) = −F (x, v, u), so the left hand side of (2) does not change upon
switching u and v. Thus
f ′(u)(u− v) + f(v)− f(u) = f ′(v)(v − u) + f(u)− f(v)
for all u, v ∈ Fq, hence (f
′(u)+ f ′(v))(u− v) = 2(f(u)− f(v)). Since f has degree ≤ q− 1,
we get the polynomial identity
(f ′(X) + f ′(Y ))(X − Y ) = 2(f(X)− f(Y )). (3)
Write f(X) = aXk + lower order terms. Comparing the homogeneous terms of highest
degree of (3) yields k(Xk−1+ Y k−1)(X −Y ) = 2(Xk−Y k). Clearly, this forces k ≤ 2, and
the theorem follows, since on the other hand f has degree at least 2.
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